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Analysis of the 3-wave guide directional-coupler with perturbed

parameters utilizing by the Green-function

-Optimization of the perturbations caused by the Kerr-effect or

electro-optical effect-

Mio KAMIGAICHI† and Kiyoshi KISHIOKA‡

Abstract: This paper describes an analyzing method of three-waveguide directional

couplers composed of the nonlinear waveguides, in which the dyadic Green-function is

utilized in solving the nonlinear coupled mode equations.

The formula using the dyadic Green-function is applied to parameter designs in nonlin-

ear devices, and in order to show the usefulness of the derived formula, it is demonstrated

that the profile of propagation constant differences varying along the propagation axis

can be easily optimized. Designed operation characteristics with optimized parameters

are also performed in a power divider working in the wide-range input light-power, light

switch operating by the input light power, and light power filter in which light output is

gotten in the desired narrow input power range.

Advantages of nonlinear three-guide couplers are also discussed in the point view of the

comparison with the nonlinear two guide couplers.

†
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3

3.1

3.1.1

1 3 2

Δ0

∂ā

∂z
= −j

⎛
⎜⎝

Δ0 c 0

c 0 c

0 c −Δ0

⎞
⎟⎠ ā ≡ −jĉā (1)

(1) | ei >, (i = 1, 2, 3) | ei >
σi | ei > exp[−jσiz], (i = 1, 2, 3)

ā(z) = g1exp[−jσ1z] | e1 > +g2exp[−jσ2z] | e2 > +g3exp[−jσ3z] | e3 > (2)

gi, (i = 1, 2, 3) σi

| ei >

σi = 0, ±
√
Δ0

2 + 2c2 ≡ ±q

| e1 >=
1

q

⎛
⎜⎝

c

−Δ0

−c

⎞
⎟⎠ , | e2 >=

1

2q(q −Δ0)

⎛
⎜⎝

2c2

2c(q −Δ0)

(q −Δ0)
2

⎞
⎟⎠ , | e3 >=

1

2q(q +Δ0)

⎛
⎜⎝

2c2

−2c(q +Δ0)

(q +Δ0)
2

⎞
⎟⎠

1 < ei | ei >= 1

gi
z = 0

ā(0) = ( |e1 > |e2 > |e3 > )

⎛
⎜⎝

g1
g2
g3

⎞
⎟⎠ ≡ T̂

⎛
⎜⎝

g1
g2
g3

⎞
⎟⎠ (3)

⎛
⎜⎝

g1
g2
g3

⎞
⎟⎠ = T̂−1ā(0) (4)

T̂−1 ĉ

ĉ | ei >= σi | ei >

4
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< ei | ĉt = σi < ei |

ĉt = ĉ

< ei | ĉ = σi < ei |
< ei | ĉ

T̂−1

(< ei |)

T̂−1 =

⎛
⎜⎝

< e1 |
< e2 |
< e3 |

⎞
⎟⎠ (5)

(4) (5) z

ā(z) = T̂ diag( e−jσ1z e−jσ2z e−jσ3z ) T̂−1ā(0)
≡ F̂ ā(0)

(6)

F̂

F̂

F̂ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

c

q

c2

q(q −Δ0)
e−jqz

c2

q(q +Δ0)
ejqz

−Δ0

q

c(q −Δ0)

q(q −Δ0)
e−jqz −c(q +Δ0)

q(q +Δ0)
ejqz

−c

q

(q −Δ0)
2

q(q −Δ0)
e−jqz

(q +Δ0)
2

q(q +Δ0)
ejqz

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

c

q
−Δ0

q
−c

q

c2

q(q −Δ0)

c(q −Δ0)

q(q −Δ0)

(q −Δ0)
2

2q(q −Δ0)

c2

q(q +Δ0)
−c(q +Δ0)

q(q +Δ0)

(q +Δ0)
2

2q(q +Δ0)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

F̂ fij

f11 =

(
c

q

)2

+

(
q2 +Δ0

2

2q2

)
cos qz − j

(
Δ0

q

)
sin qz

f12 = −cΔ0

q2
+

cΔ0

q2
cos qz − j

(
c

q

)
sin qz = f21

f13 = −
(
c

q

)2

+

(
c

q

)2

cos qz = f31

f22 =

(
Δ0

q

)2

+ 2

(
c

q

)2

cos qz
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f23 =
cΔ0

q2
−

(
cΔ0

q2

)
cos qz − j

(
c

q

)
sin qz = f32

f33 =

(
c

q

)2

+
q2 +Δ0

2

2q2
cos qz + j

(
Δ0

q

)
sin qz

q =
√
2c2 +Δ0

2

3.1.2 Green-

Green- z

±Δ0 z δi(z) i = 1, 2, 3

δ

z

∂

∂z
a(z) = −j

⎛
⎜⎜⎝

Δ0 + δ1(z) c 0

c δ2(z) c

0 c −Δ0 + δ3(z)

⎞
⎟⎟⎠a(z) (7)

∂

∂z
a(z) + j

⎛
⎜⎜⎝

Δ0 c 0

c 0 c

0 c −Δ0

⎞
⎟⎟⎠a(z) = −j

⎛
⎜⎜⎝

δ1(z) 0 0

0 δ2(z) 0

0 0 δ3(z)

⎞
⎟⎟⎠a(z) (8)

Dyadic Green- Ĝ0

a(z) = ā(z) + j

∫ z

0

Ĝ0 (z; ξ)

⎛
⎜⎜⎝

δ1(ξ) 0 0

0 δ2(ξ) 0

0 0 δ3(ξ)

⎞
⎟⎟⎠a(ξ)dξ (9)

[6] Ĝ0 z = ξ

∂

∂z
Ĝ0(z; ξ) + j

⎛
⎜⎝

Δ0 c 0

c 0 c

0 c −Δ0

⎞
⎟⎠ Ĝ0(z; ξ) = −δ(z − ξ)

⎛
⎜⎜⎝

1 0 0

0 1 0

0 0 1

⎞
⎟⎟⎠ (10)

δ(z − ξ) δ-

6

0 δ3(z)

⎠
⎛
⎜⎜⎝

δ1(z) 0 0

0 δ2(z) 0

0 0 δ3(z)

⎞
⎟⎟⎠a(z)
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Dyadic Green- Ĝ0 (10)

∫ ∞

−∞
e−jαz

∂

∂z
Ĝ0dz = jα

∫ +∞

−∞
Ĝ0e

−jαzdz ≡ jα ˆ̃G0(α; ξ) (11)

Ĝ0
ˆ̃G0(α; ξ)

−e−jαξ ˆ̃G0

ˆ̃G0 = j

⎡
⎢⎣

Δ0 + α c 0

c α c

0 c α−Δ0

⎤
⎥⎦
−1

e−jαξ

=
j

α(α2 − q2)

⎡
⎢⎢⎢⎣

α(α−Δ0)− c2 −c(α−Δ0) c2

−c(α−Δ0) (Δ0 + α)(α−Δ0) −c(Δ0 + α)

c2 −c(Δ0 + α) α(Δ0 + α)− c2

⎤
⎥⎥⎥⎦ e−jαξ

(12)

× ×
+q-q

+∞-∞

α- 面

ε
×
0

3

Ĝ0 (12)

Ĝ0 = (gij) =
1

2π

∫ +∞

−∞
ˆ̃G0e

−jαzdα (13)

Ĝ0 gij
ˆ̃G0

α z

0 ±q 3

3 3
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Ĝ0 gij

g11 = − cos q(z − ξ) + j

(
Δ0

q

)
sin q(z − ξ) +

(
c2

q2

)
{cos q(z − ξ)− 1}

g12 = j

(
c

q

)
sin q(z − ξ)−

(
cΔ0

q2

)
{cos q(z − ξ)− 1} = g21

g13 =

(
c2

q2

)
{1− cos q(z − ξ)} = g31

g22 = −2

(
c2

q2

)
cos q(z − ξ)−

(
Δ0

2

q2

)

g23 = j

(
c

q

)
sin q(z − ξ) +

(
cΔ0

q2

)
{cos q(z − ξ)− 1} = g32

g33 = −j

(
Δ0

q

)
sin q(z − ξ)− cos q(z − ξ)−

(
c2

q2

)
{1− cos q(z − ξ)}

3.2

3.2.1

∂ā

∂z
= −j

⎛
⎜⎝

Δ0 c 0

c −Δ0 c

0 c Δ0

⎞
⎟⎠ ā ≡ −jĉā (14)

2Δ0

−Δ0 +Δ0

ĉ

ĉ

σ = 0, ±
√
Δ0

2 + 2c2 ≡ ±q

ĉ

T̂ T̂−1 F̂ = T̂ diag [e−jσ1z e−jσ2z e−jσ3z] T̂−1

F̂ =

⎛
⎜⎜⎜⎜⎜⎝

1√
2
e−jΔ0z c√

2q(q−Δ0)
e−jqz c√

2q(q+Δ0)
ejqz

0 q−Δ0√
2q(q−Δ0)

e−jqz − q+Δ0√
2q(q+Δ0)

ejqz

− 1√
2
e−jΔ0z c√

2q(q−Δ0)
e−jqz c√

2q(q+Δ0)
ejqz

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

1√
2

0 − 1√
2

c√
2q(q−Δ0)

q−Δ0√
2q(q−Δ0)

c√
2q(q−Δ0)

c√
2q(q+Δ0)

− q+Δ0√
2q(q+Δ0)

c√
2q(q+Δ0)

⎞
⎟⎟⎟⎟⎠
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fij

f11 =
1

2q
{q(cosΔ0z + cos qz)− j(Δ0 sin qz + q sinΔ0z)} = f33

f12 = −j

(
c

q

)
sin qz = f21 = f23 = f32

f13 =
1

2q
{q(cos qz − cosΔ0z)− j(Δ0 sin qz − q sinΔ0z)} = f31

f22 = cos qz + j

(
Δ0

q

)
sin qz

3.2.2 (Dyadic Green- )

∂a(z)

∂z
= −j

⎛
⎜⎝

Δ0 + δ1(z) c 0

c −Δ0 + δ2(z) c

0 c Δ0 + δ3(z)

⎞
⎟⎠a(z) (15)

∂a(z)

∂z
+ j

⎛
⎜⎝

Δ0 c 0

c −Δ0 c

0 c Δ0

⎞
⎟⎠a(z) = −j

⎛
⎜⎝

δ1(z) 0 0

0 δ2(z) 0

0 0 δ3(z)

⎞
⎟⎠a(z) (16)

δi(z) Dyadic

Green- (9) Dyadic Green-

Ĝ0

∂

∂z
Ĝ0(z; ξ) + j

⎛
⎜⎝

Δ0 c 0

c −Δ0 c

0 c Δ0

⎞
⎟⎠ Ĝ0(z; ξ) = −δ(z − ξ)

⎛
⎜⎝

1 0 0

0 1 0

0 0 1

⎞
⎟⎠ (17)

Ĝ0
ˆ̃G0

ˆ̃G0 =
j

(α +Δ0)(α2 − q2)

⎡
⎢⎢⎣

α2 −Δ0
2 − c2 −c(Δ0 + α) c2

−c(Δ0 + α) (Δ0 + α)2 −c(Δ0 + α)

c2 −c(Δ0 + α) α2 −Δ0
2 − c2

⎤
⎥⎥⎦ e−jαξ (18)
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× ×
+q-q

+∞-∞

α- 面

ε
×
-Δ0

4

Ĝ0 4
ˆ̃G0

z = −Δ0 z = ±q

3

g11 = −1

2

[
cosΔ0(z − ξ) + cos q(z − ξ)− j

{
sinΔ0(z − ξ) +

(
Δ0

q

)
sin q(z − ξ)

}]
= g33

g12 = j

(
c

q

)
sin q(z − ξ) = g21 = g23 = g32

g13 =
1

2

[
cosΔ0(z − ξ)− cos q(z − ξ)− j

{
sinΔ0(z − ξ)−

(
Δ0

q

)
sin q(z − ξ)

}]
= g31

g22 = −j

(
Δ0

q

)
sin q(z − ξ)− cos q(z − ξ)

4 a(z) δ

Dyadic Green-

z a(z)

δ

4.1

Green- ā(z)

F̂ z = 0 a(0)

ā(z) = F̂ (z)a(0)
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Dyadic Green- a(z)

[5]

Δz

(500 1000 ) z

i- 1

4.2 δ

Δ0

δi(z) R66-Glass

δ̄i(z) δiNL(z) LiNbO3

δEO

δ

R66−Glass δi(z) = δ̄i(z) + δiNL(z)

LiNbO3 δi(z) = δiEO(z)

[7] δ̄i(z) δiEO(z)

5 10 LiNbO3

δ̄1i δ̄2i
δ̄3i Δ0 16 LiNbO3

Δ0 31

Kerr- δiNL / A

ΔNeff |a(z)|2 N2

δiNL(z) = k0N2|ai(z)|2 k0
A

N2 = 9.347 × 10−5[1/W] N2

[5]

a(z) δa(z)

δa(z) = j

[∫ z

0

Ĝ0(z; ξ) diag (δ1(ξ) δ2(ξ) δ3(ξ))a(ξ)dξ

+ k0N2

∫ z

0

Ĝ0(z; ξ) diag
(|a1(ξ)|2 |a2(ξ)|2 |a3(ξ)|2

)
a(ξ)dξ

]

LiNbO3 δa(z) = j

[∫ z

0

Ĝ0(z; ξ) diag (δ1EO(ξ) δ2EO(ξ) δ3EO(ξ))a(ξ)dξ

]
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5

(1) lc (2)

l c = π/2
√
2l

δ̄i
Pin LiNbO3 λ

Green-

δ̄i δiEO Δ0

Newton

[8]

(1)3 (2)2

(3) 1 (4) 2 (5)2 3 5 LiNbO3

(6) (7) 2 7

(2) (4) 1 (1) (3) (6) (7) 2

(5)

5.1 3

5 3 (a)

δ̄(z) c

(b) Pin

P i
in

s =
5∑

i=1

[| P i
out1 − P i

out2 |2 + | P i
out1 − P i

out3 |2
]

0

1

0 2 4 6

1i
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,
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,
/c
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0
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1
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Total power

|a1|
2

|a3|
2

|a2|
2

設定した入射光強度 inP
i：

inP [W]

P
o
u
t
/P

i
n

(a)δ̄(z) (b)

5 3
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(b)
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5.2 2

6 2 2

2 ( 1 2) (a)

δ̄ (b)

5.1 P i
in = 0.1− 0.5[W] (b)

P i
in 1 2

s =
5∑

i=1

| P i
out1 − P i

out2 |2

δ̄

( (b))
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0
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1i
2i

,
/c

/c
3i

,
/c

z[mm]

Δ0 = 0.399/c
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0

0.2

0 10
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2
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7 1

5.4 - 2

8 5.3 -

1 2 Pin

Pout/Pin

1
P1out

Pin

= P1max
1

[1 + exp{(Pin − Pe1)/w1}]

3
P3out

Pin

= P3max
1

[1 + exp{(Pe3 − Pin)/w3}]
Fermi- 1 Fermi-

Pe1 Pe3 1/2

w1 w3 Fermi-

1 Fermi-

Pe1 Pe3 w1 w3 P1max P3max

0.25[W] 0.65[W] 0.2 0.2 0.3 0.3

Total Power 5.3

1 1 Pin

Δ0 δ̄(z) 5.3
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6

LiNbO3 Ti 3

LiNbO3

6.1

10(a)

[9] 1 3 10

δ1EO δ3EO

10(b)

(a) (b)

10 LiNbO3

1 3 V0

±Δ0

ΔV1i

ΔV3i Δ0

δ1iEO δ3iEO 20

δEO/Δ0

δEO Δ0 h Δ0 = hV0

δEO = hΔV δEO/Δ0 = ΔV/Δ0

Green- Pout 3

P1out = P2out = P3out

δ1iEO, δ3iEO, (i = 1, 2, 3, ..., 10) 20
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2 s

s =

∫ λ2

λ1

[| P1out − P2out |2 + | P1out − P3out |2 + | P2out − P3out |2
]
dλ

λ1 λ2

Ti LiNbO3 11

lc 23[mm] 1 3

2

Ti

Ti Ti LiNbO3

Ti 1000oC 6

Δ0 c

(1) Δ0 V0 40[V]

(2) c 2

βe βo c = (βe−βo)/2

LiNbO3

Δn

TE

no

0.2

0.4

0.6

1.2 1.4 1.6
[μm]

[1
/m

m
]

lc=23mm
q

c

Δ0

1

0.5

0

Δ0 =0

Pout1(=Pout3)

c
 , Δ

0
,q

P
1

/P
      i
n

λ

11

q =
√
2c2 +Δ2

0

2
Ti ( ) τ 350

Δno 1.0× 10−4

W μ m 7

Scc μ m 15

(center to center)

lc mm 23
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Fermi-

λ1 λ3 1/2

Δλ1 Δλ3

3 Fermi-

3 Fermi-

λ1 λ3 Δλ1 Δλ3 P1max P3max

1.35[μm] 1.45[μm] 0.03[μm] 0.03[μm] 0.6 0.6 1.2 < λ < 1.6[μm]

1.2 1.4 1.6
[μm]λ

P
1
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      in

P
3

/P
      in

0
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1
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P3

Total output power

：Fermi-profile

0

2

4

Wave guide 1Wave guide 3

0 10 20
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16 (a) (b)Δ0 = 0 (c) δ̄/c-
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A

Neff

A-1. Helmholtz
x− y TE-Mode

(
∂2

∂x2
+

∂2

∂y2

)
E(x, y) + k0

2
[
n2(x, y)−Neff

2
]
E(x, y) = 0 (A1)

Helmholtz n(x, y) Neff

k0 (A1)

A1 x− y Δx×Δy

Eij y = 0

y y > 0

y x

x y nb

x y

A1

(i, j) Eij ∇2Eij
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(
∂2

∂x2
+

∂2

∂y2

)
Eij =

Eij−1 + Eij+1 + Ei−1j + Ei+1j − 4Eij

h2
(A2)

[10] h2 = ΔxΔy

Eij−1 + Eij+1 + Ei−1j + Ei+1j − 4Eij + h2fijEij = 0

fij = k0
2
[
nij

2 −Neff
2
]

⎫⎬
⎭ (A3)

nij (i, j) (i, j)

Eij

Eij =
Eij−1 + Eij+1 + Ei−1j + Ei+1j

4− h2fij
(A4)

1 i = 0

E0j−1 + E0j+1 + E−1j + E1j − 4E0j + h2f0jE0j = 0 (A5)

E−1j E0j

E−1j = e−PhE0j, P = k0

√
Neff

2 − nc
2 (A6)

E−1,j

E0,j =
E0j−1 + E0j+1 + E1j

4− e−Ph − h2f0j
(A7)

nc

Δx = h

2 j = 0

Ei−1 + Ei1 + Ei−10 + Ei+10 − 4Ei0 + h2fi0Ei0 = 0 (A8)

∂E/∂y |y=0= 0 Ei−1 � Ei0

Ei−1

Ei0 =
Ei−10 + Ei+10 + Ei1

3− h2fi0
(A9)
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3 x i = M

x

EM−1j + EM−1j+1 + EM−2j + EMj − 4EM−1j + h2fM−1jEM−1j = 0 (A10)

EMj = 0

EM−1j =
EM−1j−1 + EM−1j+1 + EM−2j

4− h2fM−1j
(A11)

4 y j = N

(3) EiN = 0

EiN−1 =
EiN−2 + Ei−1N−1 + Ei+1N−1

4− h2fiN−1
(A12)

5 4 A D

(i) A i = 0 j = 0

E0−1 = E00, E−10 = e−PhE00

(A5)

E00 =
E01 + E10

3− e−Ph − h2f00
(A13)

(ii) B i = M − 1 j = 0

EM0 = 0 EM−1−1 = EM−11 = EM−10

EM−10 =
EM−20

2− h2fM−10
(A14)

(iii) C i = M j = N
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EM−1N = EMN−1 = 0

EM−1N−1 =
EM−1N−2 + EM−2N−1

4− h2fM−1N−1
(A15)

(iv) D i = 0 j = N

E−1N−1 = e−PhE0N−1 E0N = 0

E0N−1 =
E0N−2 + E1N−1

4− e−Ph − h2f0N−1
(A16)

Pin Neff

(i) nij

Neff

(ii)

(iii) Pin

Eij
( ) =

√
Pin√

Power
Eij, Power =

1

2

1

Z0

Σi,j nij | Eij |2

Z0

(iv) Kerr-

Δnij =
1

2

1

Z0

n2 | Eij
( ) |2

n2

(v) Kerr- Neff

(ii) (v) Neff

A2 p s

K+

Green- [9]

R-66 HOYA n2

[2] 1.5457 n2 = 8.6×10−15[m2/W]

Neff B
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A2 Neff
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B Neff

B1

[9] x y

B1

1 y

n(x : y) y x

y

neff (y) 2 y

y neff (y)

3 Neff

[7]

B2(a) y Δn(x : y) y

B2(b)

B2(a) (b)

TE

( B2(a)) TE

neff

( B2(b)) TM

TM 2

TE
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(a)

(b)

B2

C c

Ti LiNbO3 TE

C1 y

B B2(b) y neff

C1(b) Ey

(Ey ) βe βo

c =
βe − βo

2

βe βo x−z

Ez Hx y C2 y

Zs Zs = −j
√

β2 − k2
0n

2
o/k0n

2
o

no LiNbO3 k0
Z0

Ey(0) = 0 Hx(0) = 0

y = 0 y βo

∂Ey(0)/∂y = ∂Hx(0)/∂y = 0

Ez(0) = 0 y = 0 βe
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(a)

(b)

C1 Ti LiNbO3

C2 Ez Hx
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