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A Note on Sequence Generation Algorithm for First-Order

LinearRecurrence Sequence on One-dimensional Finite-state

Cellular Automata

∗

Naoki Kamikawa∗

Abstract

A model of cellular automata (CA) is considered to be a well-studied non-linear model of complex

systems in which an infinite one-dimensional array of finite state machines (cells) updates itself in a

synchronous manner according to a uniform local rule. A sequence generation problem on the CA model

has been studied for a long time and a lot of generation algorithms has been proposed for a variety of

non-regular sequences such as {2n|n = 1, 2, 3, . . .}, prime, and Fibonacci sequences, etc. In this paper,

we propose a real-time generation algorithm for first-order linear recurrence sequence on the CA.
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Kamikawa and Umeo [4] [6] 1

2 CA CA

CA ( ) ,

Fibonacci ,

CA

b1, c1 b1 ≥ 2 c1 ≥ 2 an = b1 · an−1 a1 = c1

1 1 CA CA

Kamikawa and Umeo [3] Kamikawa and Umeo [3]

[8] b1 = c1

{c1n|n = 1, 2, 3, . . .} c1

{c1n|n = 1, 2, 3, . . .} 1 CA

Kamikawa and Umeo [3] [8] b1 c1 1

1 CA

2

CA 1

1 1

n ≥ 1 C1,C2,C3, . . .,Cn A = (Q , δ,c,a)

Q δ c a

1. Q

2. δ ,

δ: Q× Q×Q → Q

δ(a,b,c) = d (a,b,c,d ∈ Q)

t Ci b Ci−1 a Ci+1

c t+ 1 Ci d

C1 $ $

C1 q(∈ Q) q

q δ(q,q,q) = q, δ($,q,q) = q

.

3. c(∈ Q) C1

4. a(∈ Q)
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i j n t 1 ≤ n, 1 ≤ i ≤ n, 1 ≤
j ≤ n, i < j, t ≥ 0 t Ci St

i t n

t : St
1 . . .St

n

t C1 Ci−1 i − 1 O Ci Cj

j − i+ 1 S Cj+1 U

t :

[1,i−1]︷ ︸︸ ︷
O . . . O

[i,j]︷ ︸︸ ︷
S . . . S

[j+1,...]︷ ︸︸ ︷
UU . . .

1 ”⇒” ⇒
⇒ 1

t :

[1]︷︸︸︷
O

[2,...]︷ ︸︸ ︷
SS . . . ⇒ t+ 1 :

[1,2]︷︸︸︷
OO

[3,...]︷ ︸︸ ︷
SS . . .

δ(w, x, y) = z w x y → z

t = 0 C1 c C1

q

t = 0 :

[1]︷︸︸︷
c

[2,...]︷︸︸︷
q . . .

r n r ≥ 1 n ≥ 1 {t(n) |n = 1, 2, 3, . . .}
n Sr·t(n)

1 =a t = r · t(n) C1 a r·
{t(n) |n = 1, 2, 3, . . .} r = 1

{t(n) |n = 1, 2, 3, . . .}

3 1 1

1 1 b1, c1

b1 ≥ 2 c1 ≥ 2 1 an an

an = b1 · an−1 a1 = c1

Kamikawa and Umeo[3] [8] b1, c1

an
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3.1 1

� � ≥ 1 1 5

.

• b1 = 2, c1 = 2�

• b1 > 2, c1 = 2�

• b1 = 2, c1 = 2�+ 1

• b1 = 2�+ 2, c1 = 2�+ 1

• b1 = 2�+ 1, c1 = 2�+ 1

Mb1,c1 CA Mb1,c1 = (Qb1,c1 , δb1,c1 ,c,a) Mb1,c1 an

Qb1,c1

Qb1,c1 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{q,a,b,c,
c1−1︷ ︸︸ ︷

d1,d2, . . . ,dc1−1} (b1 = 2, c1 = 2�)

{q,a,b,c,
c1−1︷ ︸︸ ︷

d1,d2, . . . ,dc1−1,

b1−2︷ ︸︸ ︷
e1,e2, . . . ,eb1−2} (b1 > 2, c1 = 2�)

{q,a,b,c,
c1−1︷ ︸︸ ︷

d1,d2, . . . ,dc1−1,f} (b1 = 2, c1 = 2�+ 1)

{q,a,b,c,
c1−1︷ ︸︸ ︷

d1,d2, . . . ,dc1−1,

b1−2︷ ︸︸ ︷
e1,e2, . . . ,eb1−2,

b1−2︷ ︸︸ ︷
o1,o2, . . . ,ob1−2,f} (b1 = 2�+ 2, c1 = 2�+ 1)

{q,a,b,c,
c1−1︷ ︸︸ ︷

d1,d2, . . . ,dc1−1,

b1−2︷ ︸︸ ︷
o1,o2, . . . ,ob1−2,f} (b1 = 2�+ 1, c1 = 2�+ 1)

|Qb1,c1 | =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

c1 + 3 (b1 = 2, c1 = 2�)

b1 + c1 + 1 (b1 > 2, c1 = 2�)

c1 + 4 (b1 = 2, c1 = 2�+ 1)

2b1 + c1 (b1 = 2�+ 2, c1 = 2�+ 1)

b1 + c1 + 2 (b1 = 2�+ 1, c1 = 2�+ 1)

• b1 = 2, c1 = 2� : b1 = 2, c1 = 2� b1 = 2, c1 = 2

- b1 = 2, c1 = 2

an = 2n an

a1 = 2, an+1 = 2 · an

Q2,2 Q2,2 = {q,a,b,c,d1} {2n |n = 1, 2, 3 . . .} 2

.

( ) ( ) 1

2 M2,2 3

3 C1 C2 C3 . . .
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2 {2n |n = 1, 2, 3, . . .}

3 t = 24

・・・・・

4 {2n |n =

1, 2, 3, . . .}
-

t = 0 3

CA

- 4 {2n |n = 1, 2, 3 . . .}
-

- -

- {2n |n = 1, 2, 3 . . .} 3 x y

z 4
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t = 0 C1 z 3 1

z 1/3 t = 2 C1 a C1 x

1/1 x z z

x y 1/1 t = 4 y

C1 y x C1 a x

y C1 z y C1 C1 a

C1 a t = 2, 4, 8, . . . 2n

b1 = 2, c1 = 2� b1 = 2, c1 = 2� Qb1,c1 =

{q,a,b,c,
2�−1︷ ︸︸ ︷

d1,d2, . . . ,d2�−1} m m ≥ 2 t = 0 C1

z t = m C1 a C1 x

z x y C1 , b1 = 2, c1 = 2�

, m N , Pz(t) : N ∪ {0} → N t z

Pz(t) = � t
3	 + 1, t ≥ 0 p p ≥ 1

t = m+ p z x CPz(m+p) 5

x 1 1 1/1 t = m+ p

Cp+1 , Pz(m+ p) = p+ 1 , p = m
2 . , m z

x t = m+ m
2 Cm

2 +1 y 1/1 t = m+ m
2

m
2 t = m+ m

2 + m
2 = 2m y C1 C1

a

2�−1︷ ︸︸ ︷
d1,d2, . . . ,d2�−1 a1 C1

a t = 0 C1 c 1 d1 d2 . . .

d2�−1 t = 2� C1 a C1-z x y

t = 2�, 2 · 2�, 4 · 2�, 8 · 2�, . . . C1 a b1 = 2, c1 = 2� 1

6 b1 = 2, c1 = 2 7 b1 = 2, c1 = 6

• b1 > 2, c1 = 2� : b1 > 2, c1 = 2� Qb1,c1 =

{q,a,b,c,
c1−1︷ ︸︸ ︷

d1,d2, . . . ,dc1−1,

b1−2︷ ︸︸ ︷
e1,e2, . . . ,eb1−2} 8 b1 > 2, c1 = 2� -

b1 > 2, c1 = 2� x y z 0 we

x y z b1 = 2, c1 = 2� z x

we C1-we b1 − 1 x y

s s ≥ 1 t = 0 C1 z

t = as C1 a x w C as
2 +1

C1- C as
2 +1 1/1 1 as t = as

C1 x b1 − 1 t = as +

b1−1︷ ︸︸ ︷
as + as + · · ·+ as = b1 · as

C1 a we b1 − 1 b1 > 2, c1 = 2�

b1 = 2, c1 = 2�

b1−2︷ ︸︸ ︷
e1,e2, . . . ,eb1−2

b1 − 1 1

a e1 2 b e2 . . . b1 − 2 b eb1−2 b1 − 1
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5 z x (m

)
6 b1 = 2, c1 = 2

(

t = 66 )

7 b1 = 2, c1 = 6

(

t = 66 )

b c b1 > 2, c1 = 2� 1

9 b1 = 3, c1 = 4 10 b1 = 6, c1 = 6

• b1 = 2, c1 = 2� + 1 : b1 = 2, c1 = 2� + 1

Qb1,c1 = {q,a,b,c,
c1−1︷ ︸︸ ︷

d1,d2, . . . ,dc1−1,f} 11 b1 = 2, c1 = 2�+ 1 -

b1 = 2, c1 = 2� C1-z x y 1

b1 = 2, c1 = 2� x z

y C1 x 1

t = m+ p z x CPz(m+p) 12 b1 = 2, c1 = 2�+ 1

m Pz(m+ p) = �m+p
3 	+ 1 = p+ 1 p = 
m

2 � = m−1
2 , m

z x t = m+ m−1
2 Cm−1

2 +1 Cm−1
2 +1

1/1 y t = m+ m−1
2 + m−1

2 = 2m− 1 C1 1

t = 2m x a2 a2 b1 = 2, c1 = 2�

13 b1 = 2, c1 = 5

• b1 = 2�+2, c1 = 2�+1 : b1 = 2�+2, c1 = 2�+1
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・・
・

･

･

･

往復

・・
・

・・・・・・

8 b1 > 2, c1 = 2� -

9 b1 = 3, c1 = 4

(

t = 66 )

10 b1 = 6, c1 = 6

(

t = 66 )

Qb1,c1 = {q,a,b,c,
c1−1︷ ︸︸ ︷

d1,d2, . . . ,dc1−1,

b1−2︷ ︸︸ ︷
e1,e2, . . . ,eb1−2,

b1−2︷ ︸︸ ︷
o1,o2, . . . ,ob1−2,f} 14 b1 = 2� + 2,

c1 = 2�+ 1 -

b1 = 2� + 2, c1 = 2� + 1 z x Cm−1
2 +1 wo

C1-wo b1 − 1 x y C1-wo y

C1 x 1 a2

a2 b1 > 2, c1 = 2� b1 = 2�+2, c1 = 2�+1

b1 > 2, c1 = 2�

b1−2︷ ︸︸ ︷
o1,o2, . . . ,ob1−2, f

a2 b1 − 1 1

a o1 2 b o2 . . . b1 − 2 b ob1−2 b1 − 1

b f b1 = 2�+ 2, c1 = 2�+ 1 1

15 b1 = 4, c1 = 3

• b1 = 2�+ 1, c1 = 2�+ 1 : b1 = 2�+ 1, c1 = 2�+ 1

Qb1,c1 = {q,a,b,c,
c1−1︷ ︸︸ ︷

d1,d2, . . . ,dc1−1,

b1−2︷ ︸︸ ︷
o1,o2, . . . ,ob1−2,f} 16 b1 = 2� + 1, c1 = 2� + 1

-

8
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・・・
・・
・

･

･ ･ ･

･

11 b1 = 2, c1 = 2�+ 1 -
12 z x (m )

z x Cm−1
2 +1 wo C1-wo

b1 − 1 x y C1-wo y C1 x

1 b1 = 2� + 1, c1 = 2� + 1 an
b1−2︷ ︸︸ ︷

o1,o2, . . . ,ob1−2, f x y

b1 = 2� + 1, c1 = 2� + 1 1 17 b1 = 3,

c1 = 5 18 b1 = 5, c1 = 3

3.2 1

1 t = 0 Mb1,c1

t = 0 :

[1]︷︸︸︷
c

[2,...]︷︸︸︷
q . . .

19 Rz 3 1 , a, b, c

z .

t z CPz(t) . CPz(t) StPz(t)
.

9
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13 b1 = 2, c1 = 5

(

t = 66 )

・・
・

･

･ ･

･

･
･

往復

14 b1 = 2, c1 = 2�+ 1 -

StPz(t)
=

⎧⎪⎨
⎪⎩
a t mod 3 = 1

b t mod 3 = 2

c t mod 3 = 0

, Sz(t) : N ∪{0} → {a, b, c} t z , Sz(t)

.

Sz(t) =

⎧⎪⎨
⎪⎩
a t mod 3 = 1

b t mod 3 = 2

c t mod 3 = 0

3.1 i , i ≥ 1 , t = c1 · b1i−1 Mb1,c1 .

t = c1 · b1i−1 :

[1]︷︸︸︷
a

[2,Pz(c1·b1i−1)−1]︷ ︸︸ ︷
c . . .c

[Pz(c1·b1i−1)]︷ ︸︸ ︷
Sz(c1 · b1i−1)

[Pz(c1·b1i−1)+1,...]︷ ︸︸ ︷
q . . .

10
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

0 c q q q q q q q q q q q q q q q q q q q q q q q

1 d1 a q q q q q q q q q q q q q q q q q q q q q q

2 d2 b q q q q q q q q q q q q q q q q q q q q q q

3 a c q q q q q q q q q q q q q q q q q q q q q q

4 q o1 a q q q q q q q q q q q q q q q q q q q q q

5 o1 o1 b q q q q q q q q q q q q q q q q q q q q q

6 b o1 c q q q q q q q q q q q q q q q q q q q q q

7 q o2 c a q q q q q q q q q q q q q q q q q q q q

8 o2 o2 c b q q q q q q q q q q q q q q q q q q q q

9 b o2 c c q q q q q q q q q q q q q q q q q q q q

10 q f c c a q q q q q q q q q q q q q q q q q q q

11 f c c c b q q q q q q q q q q q q q q q q q q q

12 a c c c c q q q q q q q q q q q q q q q q q q q

13 q a c c c a q q q q q q q q q q q q q q q q q q

14 q q a c c b q q q q q q q q q q q q q q q q q q

15 q q q a c c q q q q q q q q q q q q q q q q q q

16 q q q q a c a q q q q q q q q q q q q q q q q q

17 q q q q q a b q q q q q q q q q q q q q q q q q

18 q q q q q q e1 q q q q q q q q q q q q q q q q q

19 q q q q q e1 e1 a q q q q q q q q q q q q q q q q

20 q q q q e1 e1 e1 b q q q q q q q q q q q q q q q q

21 q q q e1 e1 e1 e1 c q q q q q q q q q q q q q q q q

22 q q e1 e1 e1 e1 e1 c a q q q q q q q q q q q q q q q

23 q e1 e1 e1 e1 e1 e1 c b q q q q q q q q q q q q q q q

24 b e1 e1 e1 e1 e1 e1 c c q q q q q q q q q q q q q q q

25 q b e1 e1 e1 e1 e1 c c a q q q q q q q q q q q q q q

26 q q b e1 e1 e1 e1 c c b q q q q q q q q q q q q q q

27 q q q b e1 e1 e1 c c c q q q q q q q q q q q q q q

28 q q q q b e1 e1 c c c a q q q q q q q q q q q q q

29 q q q q q b e1 c c c b q q q q q q q q q q q q q

30 q q q q q q e2 c c c c q q q q q q q q q q q q q

31 q q q q q e2 e2 c c c c a q q q q q q q q q q q q

32 q q q q e2 e2 e2 c c c c b q q q q q q q q q q q q

33 q q q e2 e2 e2 e2 c c c c c q q q q q q q q q q q q

34 q q e2 e2 e2 e2 e2 c c c c c a q q q q q q q q q q q

35 q e2 e2 e2 e2 e2 e2 c c c c c b q q q q q q q q q q q

36 b e2 e2 e2 e2 e2 e2 c c c c c c q q q q q q q q q q q

37 q b e2 e2 e2 e2 e2 c c c c c c a q q q q q q q q q q

38 q q b e2 e2 e2 e2 c c c c c c b q q q q q q q q q q

39 q q q b e2 e2 e2 c c c c c c c q q q q q q q q q q

40 q q q q b e2 e2 c c c c c c c a q q q q q q q q q

41 q q q q q b e2 c c c c c c c b q q q q q q q q q

42 q q q q q q c c c c c c c c c q q q q q q q q q

43 q q q q q c c c c c c c c c c a q q q q q q q q

44 q q q q c c c c c c c c c c c b q q q q q q q q

45 q q q c c c c c c c c c c c c c q q q q q q q q

46 q q c c c c c c c c c c c c c c a q q q q q q q

47 q c c c c c c c c c c c c c c c b q q q q q q q

48 a c c c c c c c c c c c c c c c c q q q q q q q

49 q a c c c c c c c c c c c c c c c a q q q q q q

50 q q a c c c c c c c c c c c c c c b q q q q q q

51 q q q a c c c c c c c c c c c c c c q q q q q q

52 q q q q a c c c c c c c c c c c c c a q q q q q

53 q q q q q a c c c c c c c c c c c c b q q q q q

54 q q q q q q a c c c c c c c c c c c c q q q q q

55 q q q q q q q a c c c c c c c c c c c a q q q q

56 q q q q q q q q a c c c c c c c c c c b q q q q

57 q q q q q q q q q a c c c c c c c c c c q q q q

58 q q q q q q q q q q a c c c c c c c c c a q q q

59 q q q q q q q q q q q a c c c c c c c c b q q q

60 q q q q q q q q q q q q a c c c c c c c c q q q

61 q q q q q q q q q q q q q a c c c c c c c a q q

62 q q q q q q q q q q q q q q a c c c c c c b q q

63 q q q q q q q q q q q q q q q a c c c c c c q q

64 q q q q q q q q q q q q q q q q a c c c c c a q

65 q q q q q q q q q q q q q q q q q a c c c c b q

66 q q q q q q q q q q q q q q q q q q a c c c c q

15 b1 = 4, c1 = 3

(

t = 66 )

・・・

・・
・

･

･

往復

・・
・

･

･

･

・・・

16 b1 = 2�+ 1, c1 = 2�+ 1 -

(I) , i = 1 t = 0 c1 Mb1,c1

c1 RB c1 20 c1 = 2

RB 2 21 c1 = 3 RB 3 22 c1 = 4

RB 4 23 c1 = 5 RB 5 24 c1 = 6

RB 6 25 c1 = 7 RB 7 c1 ≥ 8

RB k v v ≥ 8 26 RB v (v ≥ 8)

27 c1=2 7 Mb1,c1

t = 0 C1 c 1 d1 d2 . . . dc1−1 t = c1

C1 a C2 z C1

z z c x

c

(II) j , j ≥ 1 . i = j , t = c1 · b1j−1 , Mb1,c1

.

11
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17 b1 = 3, c1 = 5

(

t = 66 )

18 b1 = 5, c1 = 3

(

t = 66 )

19 z Rz

c q q → a; q a q → b; q b q → c; q c q → c; c a q → b; c b q → c;

c c q → c; c c c → c;

20 RB 2

q q q → q; a q q → q; c q q → a; d1 a q → b; $ c q → d1; $ d1 a → a;

21 RB 3

q q q → q; a q q → q; b q q → q; c q q → a; d1 a q → b; d2 b q → c;

$ c q → d1; $ d1 a → d2; $ d2 b → a;

t = c1 · b1j−1 :

[1]︷︸︸︷
a

[2,Pz(c1·b1j−1)−1]︷ ︸︸ ︷
c . . .c

[Pz(c1·b1j−1)]︷ ︸︸ ︷
Sz(c1 · b1j−1)

[Pz(c1·b1j−1)+1,...]︷ ︸︸ ︷
q . . .

b1 = 2 c1 = 2� b1 = 2 c1 = 2� + 1 b1 > 2 c1 = 2� b1 = 2� + 1

c1 = 2�+ 1

12
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22 RB 4

q q q → q; a q q → q; b q q → q; c q q → a; d1 a q → b; d2 b q → c;

d3 c q → c; $ c q → d1; $ d1 a → d2; $ d2 b → d3; $ d3 c → a;

23 RB 5

q q q → q; a q q → q; b q q → q; c q q → a; c a q → b; d1 a q → b;

d2 b q → c; d3 c q → c; d4 c a → c; $ c q → d1; $ d1 a → d2; $ d2 b → d3;

$ d3 c → d4; $ d4 c → a;

24 RB 6

q q q → q; a q q → q; b q q → q; c q q → a; c a q → b; d1 a q → b;

c b q → c; d2 b q → c; d3 c q → c; d4 c a → c; d5 c b → c; $ c q → d1;

$ d1 a → d2; $ d2 b → d3; $ d3 c → d4; $ d4 c → d5; $ d5 c → a;

25 RB 7

q q q → q; a q q → q; b q q → q; c q q → a; c a q → b; d1 a q → b;

c b q → c; d2 b q → c; c c q → c; d3 c q → c; d4 c a → c; d6 c c → c;

d5 c b → c; $ c q → d1; $ d1 a → d2; $ d2 b → d3; $ d3 c → d4; $ d4 c → d5;

$ d5 c → d6; $ d6 c → a;

26 RB v (v ≥ 8)

q q q → q; a q q → q; b q q → q; c q q → a; c a q → b; c b q → c;

c c q → c;

d1 a q → b;

d2 b q → c;
⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
v − 2

d3 c q → c;
...

dv−2 c q → c;

dv−1 c c → c;

$ c q → d1;

$ d1 a → d2;

$ d2 b → d3;

$ d3 c → d4;
⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
v − 4

$ d4 c → d5;
...

$ dv−2 c → dv−1;

$ dv−1 c → a

• b1 = 2 c1 = 2�

28 RI E2 Mb1,c1

t = c1 · 2j−1 :

[1]︷︸︸︷
a

[2,Pz(c1·2j−1)−1]︷ ︸︸ ︷
c . . .c

[Pz(c1·2j−1)]︷ ︸︸ ︷
Sz(c1 · 2j−1)

[Pz(c1·2j−1)+1,...]︷ ︸︸ ︷
q . . .

t = c1 · 2j−1 + 1 :

[1]︷︸︸︷
q

[2]︷︸︸︷
a

[3,Pz(c1·2j−1+1)−1]︷ ︸︸ ︷
c . . .c

[Pz(c1·2j−1+1)]︷ ︸︸ ︷
Sz(c1 · 2j−1 + 1)

[Pz(c1·2j−1+1)+1,...]︷ ︸︸ ︷
q . . .

t = c1 · 2j−1 + 2 :

[1,2]︷︸︸︷
qq

[3]︷︸︸︷
a

[4,Pz(c1·2j−1+2)−1]︷ ︸︸ ︷
c . . .c

[Pz(c1·2j−1+2)]︷ ︸︸ ︷
Sz(c1 · 2j−1 + 2)

[Pz(c1·2j−1+2)+1,...]︷ ︸︸ ︷
q . . .
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27 t = c1 Mb1,c1

28 RI E2

q c q → c; $ a b → q; $ a c → q; q c c → c; $ q q → q; $ q a → q;

$ q c → a; q a b → q; q a c → q; q q q → q; q q a → q; q q c → c;

a c a → a; a c c → a; a b q → c; a q q → q; b q q → q; c c q → c;

c c a → c; c c b → c; c c c → c; c b q → c; c a q → b; c q q → a;

1 1 , a x . x , y

q . x 1/1 , t = c1 · 2j−1 + c1·2j−1

2

C c1·2j−1

2 +1
z . Mb1,c1

t = c1 · 2j−1 + c1·2j−1

2
:

[1,
c1·2j−1

2
]︷ ︸︸ ︷

q, ..., q

[
c1·2j−1

2
+1]︷︸︸︷

c

[
c1·2j−1

2
+2,...]︷ ︸︸ ︷

q . . .

t = c1 · 2j−1 + c1·2j−1

2
+ 1 :

[1,
c1·2j−1

2
−1]︷ ︸︸ ︷

q, ..., q

[
c1·2j−1

2
,
c1·2j−1

2
+1]︷︸︸︷

cc

[Pz(c1·2j−1+
c1·2j−1

2
+1)]︷ ︸︸ ︷

Sz(c1 · 2j−1 +
c1 · 2j−1

2
+ 1)

Pz(c1·2j−1+
c1·2j−1

2
+1)+1,...]︷ ︸︸ ︷

q . . .

t = c1 · 2j−1 + c1·2j−1

2
+ 2 :

[1,
c1·2j−1

2
−2]︷ ︸︸ ︷

q, ..., q

[
c1·2j−1

2
−1,

c1·2j−1

2
+1]︷ ︸︸ ︷

c,...,c

[Pz(c1·2j−1+
c1·2j−1

2
+2)]︷ ︸︸ ︷

Sz(c1 · 2j−1 +
c1 · 2j−1

2
+ 2)

Pz(c1·2j−1+
c1·2j−1

2
+2)+1,...]︷ ︸︸ ︷

q . . .

1 1 , c y . y , c

. y 1/1 , t = c1 · 2j−1 + c1·2j−1

2 + c1·2j−1

2 = c1 · 2j
C1 Mb1,c1

14
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29 RI O2

$ a c → q; $ q q → q; $ q a → q; f c b → c; f c c → c; q a c → q;

q q q → q; q q a → q; $ q f → f; f a q → b; q q f → f; a c q → f;

a c b → a; a c c → a; a q q → q; $ f c → a; q f a → c; q f c → c;

b q q → q; c c q → c; c c a → c; c c b → c; c c c → c; c b q → c;

c a q → b; c q q → a;

t = c1 · 2j :

[1]︷︸︸︷
a

[2,Pz(c1·2j)−1]︷ ︸︸ ︷
c . . .c

[Pz(c1·2j)]︷ ︸︸ ︷
Sz(c1 · 2j)

[Pz(c1·2j)+1,...]︷ ︸︸ ︷
q . . .

• b1 = 2 c1 = 2�+ 1

29 RI O2 Mb1,c1 x z b1 = 2

c1 = 2� x z t = c1 · 2j−1 + c1·2j−1−1
2 C c1·2j−1−1

2 +1

. Mb1,c1

t = c1 · 2j−1 + c1·2j−1−1
2

:

[1,
c1·2j−1−1

2
]︷ ︸︸ ︷

q, ..., q

[
c1·2j−1−1

2
+1]︷︸︸︷

f

[Pz(c1·2j−1+
c1·2j−1−1

2
)+2]︷ ︸︸ ︷

Sz(c1 · 2j−1 +
c1 · 2j−1 − 1

2
)

[Pz(c1·2j−1+
c1·2j−1−1

2
+1)+3,...]︷ ︸︸ ︷

q . . .

t = c1 · 2j−1 + c1·2j−1−1
2

+ 1 :

[1,
c1·2j−1−1

2
−1]︷ ︸︸ ︷

q, ..., q

[
c1·2j−1−1

2
]︷︸︸︷

f

[
c1·2j−1−1

2
+1]︷︸︸︷

c

[Pz(c1·2j−1+
c1·2j−1−1

2
+2)]︷ ︸︸ ︷

Sz(c1 · 2j−1 +
c1 · 2j−1 − 1

2
+ 1)

[Pz(c1·2j−1+
c1·2j−1−1

2
+1)+3,...]︷ ︸︸ ︷

q . . .

t = c1 · 2j−1 + c1·2j−1−1
2

+ 2 :

[1,
c1·2j−1−1

2
−2]︷ ︸︸ ︷

q, ..., q

[
c1·2j−1−1

2
−1]︷︸︸︷

f

[
c1·2j−1−1

2
,
c1·2j−1−1

2
+1]︷︸︸︷

cc

[Pz(c1·2j−1+
c1·2j−1−1

2
+2)]︷ ︸︸ ︷

Sz(c1 · 2j−1 +
c1 · 2j−1 − 1

2
+ 2)

[Pz(c1·2j−1+
c1·2j−1−1

2
+2)+1,...]︷ ︸︸ ︷

q . . .

1 1 , f y . y , c

. y 1/1 , t = c1 · 2j−1 + c1·2j−1−1
2 + c1·2j−1−1

2 = c1 · 2j − 1

C1 1 t = c1 · 2j Mb1,c1

t = c1 · 2j :

[1]︷︸︸︷
a

[2,Pz(c1·2j)−1]︷ ︸︸ ︷
c . . .c

[Pz(c1·2j)]︷ ︸︸ ︷
Sz(c1 · 2j)

[Pz(c1·2j)+1,...]︷ ︸︸ ︷
q . . .

• b1 > 2 c1 = 2�

RI Eb1 1 RI Eb1 2 . . . RI Ek b1−1

30 x y 1 RI Eb1 1 31 u 2 ≤ u ≤ k − 2
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30 RI Eb1 1

$ q q → q; $ q a → q; $ q e1 → b; q q q → q; q q a → q; q q e1 → e1;

a q q → q; b q q → q; c q q → a; e1 q q → a; $ a c → q; q a b → q;

q a c → q; c a q → b; e1 a q → b; a b q → e1; c b q → c; e1 b q → c;

a c a → a; a c c → a; c c q → c; c c a → c; c c b → c; c c c → c;

e1 c q → c; e1 c a → c; e1 c b → c; e1 c c → c; q e1 q → e1; q e1 e1 → e1;

e1 e1 a → e1; e1 e1 b → e1; e1 e1 c → e1; e1 e1 e1 → e1;

31 RI Eb1 u (2 ≤ u ≤ k − 2)

b eu−1 c → eu; $ q q → q; $ q b → q; $ b eu−1 → q;

eu c c → c; b eu−1 eu−1 → b; q q q → q; $ q eu → b;

q q b → q; q b eu−1 → q; q q eu → eu; a q q → q;

eu−1 eu−1 c → eu−1; eu−1 eu−1 eu−1 → eu−1; q eu c → eu; eu eu c → eu;

q eu eu → eu; b q q → q; eu eu eu → eu; c c q → c;

c c a → c; c c b → c; c c c → c; c b q → c;

c a q → b; c q q → a; eu−1 c c → c;

32 RI Eb1 b1−1

$ q q → q; $ q b → q; $ q c → a; q q q → q;

q q b → q; q q c → c; a q q → q; b q q → q;

c q q → a; c a q → b; $ b eb1−2 → q; q b eb1−2 → q;

c b q → c; q c c → c; c c q → c; c c a → c;

c c b → c; c c c → c; eb1−2 c c → c; b eb1−2 c → c;

b eb1−2 eb1−2 → b; eb1−2 eb1−2 eb1−2 → eb1−2; eb1−2 eb1−2 c → eb1−2;

x y 2 u RI Eb1 u (2 ≤ u ≤ k − 2)

32 x y b1 − 1 RI Eb1 b1−1

1 RI Eb1 1 , Mb1,c1

t = c1 · b1j−1 :

[1]︷︸︸︷
a

[2,Pz(c1·b1j−1)−1]︷ ︸︸ ︷
c . . .c

[Pz(c1·b1j−1)]︷ ︸︸ ︷
Sz(c1 · b1j−1)

[Pz(c1·b1j−1)+1,...]︷ ︸︸ ︷
q . . .

t = c1 · b1j−1 + 1 :

[1]︷︸︸︷
q

[2]︷︸︸︷
a

[3,Pz(c1·b1j−1+1)−1]︷ ︸︸ ︷
c . . .c

[Pz(c1·b1j−1+1)]︷ ︸︸ ︷
Sz(c1 · b1j−1 + 1)

[Pz(c1·b1j−1+1)+1,...]︷ ︸︸ ︷
q . . .

t = c1 · b1j−1 + 2 :

[1,2]︷︸︸︷
qq

[3]︷︸︸︷
a

[4,Pz(c1·b1j−1+2)−1]︷ ︸︸ ︷
c . . .c

[Pz(c1·b1j−1+2)]︷ ︸︸ ︷
Sz(c1 · b1j−1 + 2)

[Pz(c1·b1j−1+2)+1,...]︷ ︸︸ ︷
q . . .

x z Mb1,c1
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t = c1 · b1j−1 + c1·b1j−1

2
:

[1,
c1·b1j−1

2
]︷ ︸︸ ︷

q, ..., q

[
c1·b1j−1

2
+1]︷︸︸︷

e1

[
c1·b1j−1

2
+2,...]︷ ︸︸ ︷

q . . .

t = c1 · b1j−1 + c1·b1j−1

2
+ 1 :

[1,
c1·b1j−1

2
−1]︷ ︸︸ ︷

q, ..., q

[
c1·b1j−1

2
,
c1·b1j−1

2
+1]︷ ︸︸ ︷

e1e1

[Pz(c1·b1j−1+
c1·b1j−1

2
+1)]︷ ︸︸ ︷

Sz(c1 · b1j−1 +
c1 · b1j−1

2
+ 1)

Pz(c1·b1j−1+
c1·b1j−1

2
+1)+1,...]︷ ︸︸ ︷

q . . .

t = c1 · b1j−1 + c1·b1j−1

2
+ 2 :

[1,
c1·b1j−1

2
−2]︷ ︸︸ ︷

q, ..., q

[
c1·b1j−1

2
−1,

c1·b1j−1

2
+1]︷ ︸︸ ︷

e1, . . . ,e1

[Pz(c1·b1j−1+
c1·b1j−1

2
+2)]︷ ︸︸ ︷

Sz(c1 · b1j−1 +
c1 · b1j−1

2
+ 2)

Pz(c1·b1j−1+
c1·b1j−1

2
+2)+1,...]︷ ︸︸ ︷

q . . .

1 1 , e1 y e1

C c1·b1j−1

2 +1
we y 1/1 , t = 2 · c1 · b1j−1 C1

Mb1,c1

t = 2 · c1 · b1j−1 :

[1]︷︸︸︷
b

[2,
c1·b1j−1

2
+1]︷ ︸︸ ︷

e1 . . .e1

[
c1·b1j−1

2
+2,Pz(2·2j)−1]︷ ︸︸ ︷
c . . .c

[Pz(2·2j)]︷ ︸︸ ︷
Sz(2 · 2j)

[Pz(2·2j)+1,...]︷ ︸︸ ︷
q . . .

2 RI Eb1 2 x b we y e2 3

RI Eb1 3 x b we y e3 . . . b1−1

RI Eb1 b1−1 x b we y c b1−1

we b1− 1 t = c1 · b1j−1+(b1− 1) · c1 · b1j−1 = c1 · b1j
Mk

t = c1 · b1j :

[1]︷︸︸︷
a

[2,Pz(c1·b1j)−1]︷ ︸︸ ︷
c . . .c

[Pz(c1·b1j)]︷ ︸︸ ︷
Sz(c1 · b1j)

[Pz(c1·b1j)+1,...]︷ ︸︸ ︷
q . . .

• b1 = 2�+ 1 c1 = 2�+ 1

RI Ok 1 RI Ob1 2 . . . RI Ob1 b1−1

33 x y 1 RIOb1 1 h 2 ≤ h ≤ k− 2

34 x y 2 h RI Ob1 h (2 ≤ h ≤ b1 − 2) 35

x y b1 − 1 RI Ob1 b1−1

1 RI Ob1 1 , Mb1,c1

17
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33 RI Ob1 1

$ q q → q; $ q a → q; $ q o1 → o1; q q q → q; q q a → q; c q q → a;

q q o1 → o1; $ a c → q; q a c → q; c a q → b; o1 a q → b; c b q → c;

o1 b q → c; a c q → o1; a c b → a; a c c → a; c c q → c; c c a → c;

c c b → c; c c c → c; o1 c q → c; o1 c a → c; o1 c b → c; o1 c c → c;

$ o1 o1 → b; q o1 a → o1; q o1 o1 → o1; o1 o1 b → o1; o1 o1 c → o1; o1 o1 o1 → o1;

34 RI Ob1 h (2 ≤ h ≤ k − 2)

$ q q → q; $ q b → q; $ q oh → oh; q q q → q;

q q b → q; q q oh → oh; a q q → q; b q q → q;

c q q → a; $ b oh−1 → q; q b oh−1 → q; c b q → c;

c c c → c; oh−1 c c → c; oh c c → c; b oh−1 c → oh;

b oh−1 oh−1 → b; oh−1 oh−1 c → oh−1; oh−1 oh−1 oh−1 → oh−1; $ oh oh → b;

q oh c → oh; q oh oh → oh; oh oh c → oh; oh oh oh → oh;

35 RI Ob1 b1−1

b ob1−2 c → c; q c c → c; $ q q → q; $ q b → q;

$ q c → c; $ b ob1−2 → q; b ob1−2 ob1−2 → b; ob1−2 c c → c;

q q q → q; q q b → q; q q c → c; q b ob1−2 → q;

a q q → q; ob1−2 ob1−2 c → ob1−2; b q q → q; ob1−2 ob1−2 ob1−2 → ob1−2;

c c q → c; c c a → c; c c b → c; c c c → c;

c b q → c; c a q → b; c q q → a; $ c c → a;

t = c1 · b1j−1 :

[1]︷︸︸︷
a

[2,Pz(c1·b1j−1)−1]︷ ︸︸ ︷
c . . .c

[Pz(c1·b1j−1)]︷ ︸︸ ︷
Sz(c1 · b1j−1)

[Pz(c1·b1j−1)+1,...]︷ ︸︸ ︷
q . . .

t = c1 · b1j−1 + 1 :

[1]︷︸︸︷
q

[2]︷︸︸︷
a

[3,Pz(c1·b1j−1+1)−1]︷ ︸︸ ︷
c . . .c

[Pz(c1·b1j−1+1)]︷ ︸︸ ︷
Sz(c1 · b1j−1 + 1)

[Pz(c1·b1j−1+1)+1,...]︷ ︸︸ ︷
q . . .

t = c1 · b1j−1 + 2 :

[1,2]︷︸︸︷
qq

[3]︷︸︸︷
a

[4,Pz(c1·b1j−1+2)−1]︷ ︸︸ ︷
c . . .c

[Pz(c1·b1j−1+2)]︷ ︸︸ ︷
Sz(c1 · b1j−1 + 2)

[Pz(c1·b1j−1+2)+1,...]︷ ︸︸ ︷
q . . .

x z Mb1,c1 t =

c1 · b1j−1 + c1·b1j−1−1
2 C c1·b1j−1−1

2 +1
z . Mb1,c1
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t = c1 · b1j−1 + c1·b1j−1−1
2

:

[1,
c1·b1j−1−1

2
]︷ ︸︸ ︷

q, ..., q

[
c1·b1j−1−1

2
+1]︷︸︸︷

o1

[
c1·b1j−1−1

2
+2,...]︷ ︸︸ ︷

q . . .

t = c1 · b1j−1 + c1·b1j−1−1
2

+ 1 :

[1,
c1·b1j−1−1

2
−1]︷ ︸︸ ︷

q, ..., q

[
c1·b1j−1−1

2
,
c1·b1j−1−1

2
+1]︷ ︸︸ ︷

o1o1

[Pz(c1·b1j−1+
c1·b1j−1−1

2
+1)]︷ ︸︸ ︷

Sz(c1 · b1j−1 +
c1 · b1j−1 − 1

2
+ 1)

Pz(c1·b1j−1+
c1·b1j−1−1

2
+1)+1,...]︷ ︸︸ ︷

q . . .

t = c1 · b1j−1 + c1·b1j−1−1
2

+ 2 :

[1,
c1·b1j−1−1

2
−2]︷ ︸︸ ︷

q, ..., q

[
c1·b1j−1−1

2
−1,

c1·b1j−1−1
2

+1]︷ ︸︸ ︷
o1, . . . ,o1

[Pz(c1·b1j−1+
c1·b1j−1−1

2
+2)]︷ ︸︸ ︷

Sz(c1 · b1j−1 +
c1 · b1j−1 − 1

2
+ 2)

Pz(c1·b1j−1+
c1·b1j−1−1

2
+2)+1,...]︷ ︸︸ ︷

q . . .

1 1 , o1 y o1

C c1·b1j−1−1
2 +1

wo y 1/1 , t = c1 · b1j−1 + c1·b1j−1−1
2 +

c1·b1j−1−1
2 = 2 · c1 · b1j−1 − 1 C1 Mb1,c1

t = 2 · c1 · b1j−1 − 1 :

[1,
c1·b1j−1

2
+1]︷ ︸︸ ︷

o1 . . .o1

[
c1·b1j−1

2
+2,Pz(2·2j)−1]︷ ︸︸ ︷
c . . .c

[Pz(c1·b1j−1+c1·b1j−1−1)]︷ ︸︸ ︷
Sz(c1 · b1j−1 + c1 · b1j−1 − 1)

[Pz(c1·b1j−1+c1·b1j−1−1)+1,...]︷ ︸︸ ︷
q . . .

1 t = 2 · c1 · b1j−1 Mb1,c1

t = 2 · c1 · b1j−1 :

[1]︷︸︸︷
b

[2,
c1·b1j−1

2
+1]︷ ︸︸ ︷

o1 . . .o1

[
c1·b1j−1

2
+2,Pz(2·c1·b1j−1)−1]︷ ︸︸ ︷
c . . .c

[Pz(2·c1·b1j−1)]︷ ︸︸ ︷
Sz(2 · c1 · b1j−1)

[Pz(2·c1·b1j−1)+1,...]︷ ︸︸ ︷
q . . .

2 RI Ob1 2 x b wo y o2 3

RI Ob1 3 x b wo y o3 . . . b1−1

RI Ob1 b1−1 x b wo y c b1−1

wo b1− 1 t = c1 · b1j−1+(b1− 1) · c1 · b1j−1 = c1 · b1j
Mb1,c1

t = c1 · b1j :

[1]︷︸︸︷
a

[2,Pz(c1·b1j)−1]︷ ︸︸ ︷
c . . .c

[Pz(c1·b1j)]︷ ︸︸ ︷
Sz(c1 · b1j)

[Pz(c1·b1j)+1,...]︷ ︸︸ ︷
q . . .

(I), (II) , 3.1 . �

3.1 , i i ≥ 1 , b1 c1 , C1

t = c1 · b1i−1 a . .

19

― 59 ―― 59 ―



3.2 b1 ≥ 2 c1 ≥ 2 an = b1 · an−1 a1 = c1 1

.

4

CA b1 ≥ 2 c1 ≥ 2 an = b1·an−1

a1 = c1 1 1 CA

b1 c1 1 CA

1
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